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Heat transport through bounded fluid

T + ΔT

T

For small ΔT (no fluid motion): Fourier’s law holds
and heat transport = κΔT/H

For moderately large ΔT (fluid motion smooth)
heat transport = κΔT/H × f(other parameters)

For large ΔT, the fluid motion is turbulent (temporally 
and spatially complex), what is the heat transport law?

fluidH

f ≡ Nusselt number, Nu

Ra ≡ Rayleigh number
αgΔTH3/[νκ]

Nu = Ra0 = 1

Nu = C1Ra1/4

Nu = C2Raβ?

No full-fledged theory!



How large an Ra should interest us?

1. Human body: Ra ~ 108

2. Atmosphere: Ra ~ 1013

3. Ocean convection: Ra ~ 1020

4. Stellar convection: Ra ~ 1022

The challenge
Experimentally, vary Ra by 14 orders or so 
and reach ~ 1022.

Ra = (α/νκ)gΔTH3



superfluidity

ρ ρ ρ= +s n

classical liquid

3HTgRa ⋅Δ⋅⎟
⎠
⎞

⎜
⎝
⎛⋅=
νκ
α 4.4 K, 2 mbar: α/νκ = 6.5 x 109

5.25 K, 2.4 bar: α/νκ = 5.8 x 10-3

classical gas

Helium I: ν = 2 x 10−8 m2/s (water: 10−6 m2/s, air: 1.5 x 10−5 m2/s)
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Niemela, Skrbek, Sreenivasan & Donnelly, Nature 404, 837 (2000) 
Slightly revised: Niemela & Sreenivasan, J. Low Temp. Phys. (2006)

[Pioneers: Threlfall (Cambridge); Libchaber, Kadanoff and coworkers (Chicago)]



selected summary of the theory 
for Nusselt number variation

Nu = CRa1/3(λ/H)β

λ is the thermal boundary layer thickness, O(H/[2Nu]). 
The exponent β cannot be determined by dimensional 
arguments.

Kraichnan (1962): β = −1/3
Castaing et al. (1989): β = 1/6
Grossmann & Lohse (2000): no single power law
Traditional (1950’s): β = 0
(Priestley, Townsend, Malkus, Howard, …)



Large scale 
circulation

(wind)

the container

large-
scale

circulation 
(“wind”)

the wind breaks the symmetry, with important consequences

low Ra

high Ra



L. Kadanoff, Phys. Today, August 2001
(for flow visualization and quantitative work, 
see K.-Q. Xia et al. from Hong Kong)

At high Ra, the temperature 
gradient is all at the wall

… and their self-organization into a 
large scale flow in a confined apparatus

Sparrow, Husar & Goldstein  

J. Fluid Mech. 41, 793 (1970)

plumes…
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the large scale wind with occasional reversals
(Sreenivasan, Bershadskii & Niemela, PRE 65, 056306, 2002)

geomagnetic polarity reversals

segment of continuous 
120-hour record; Γ = 1

Glatzmaier, Coe, Hongre & Roberts, Nature 401, 885-890 (1999)



τ1 = time between subsequent switches in the velocity signal 1 1n nT Tτ +≡ −

for large τ1: 1 1( ) exp[ ( / )]mp τ τ τ−:
400m sτ ;

Sreenivasan, Bershadskii & Niemela, Phys. Rev. E 65, 056306 (2002)

power-law scaling of the probability 

density function for small τ1

How are the reversals distributed?

-1 power law scaling characteristic of SOC systems
(see papers in Europhys. Lett., Physica A and PRE)



double-well potential

1 1( ) exp[ ( / )]mp τ τ τ−:

Dynamical model

Balance between buoyancy 
and friction, forced by 
stochastic noise

For certain combinations of 
parameters, one obtains 
power-law for small times 
and exponential distribution 
for large times.



ρ ρ ρ= +s n

Superfluid is irrotational. Under certain conditions, thin vortex filaments 
are spontaneously formed. The circulation is these filaments is quantized 
i.e., k = h/m (Onsager 1949). The filaments are line “singularities” of about 
1 angstrom in diameter (Feynman 1955). 

Landau  (1941)



… liquid helium…possesses a number of peculiar 
properties, the most important of which is superfluidity
discovered by P.L. Kapitza….Tisza’s well-known 
[theoretical] attempt … cannot be accepted as 
satisfactory…

Landau (1941)

Thus, the well-known invariant called hydrodynamic 
circulation is quantized; the quantum of circulation is h/m.

Onsager (1949)

Except for a few angstroms from the center of the core, 
the laws obeyed are those of classical hydrodynamics.

Feynman (1955)

never seen until now experimentally



Suspension of hydrogen particles (a) just above the lambda temperature, and (b) 
just below, where some particles have collected along branching filaments. In (c), 
particles arrange themselves along vertical lines when the system rotates steadily 
about the vertical axis. The spacing of lines is remarkably uniform.

50 years later…

G.P. Bewley, D.P. Lathrop & K.R. Sreenivasan, Nature 441, 558 (2006);
also Experiments in Fluids (submitted, 2006)





R.P. Feynman (1955)
Prog. Low Temp. Phys. 1, 17

s s

s√3







not suitable for visualizing random vortices; simulations by Schwarz, Tsubota

R.P. Feynman, Prog. Low Temp. Phys. (1955)



the apparatus for helium II grid turbulence
(Donnelly, Stalp, Niemela, Skrbek, KRS, etc)

Niemela & Sreenivasan, 
J. Low Temp. Phys. 2007

1 cm X 1 cm
RM = 40 K to 200 K
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Because the superfluid vorticity 
decays as t−3/2, just as does 
classical vorticity, and the 
observed prefactors are as 
expected, the notion arises that 
the two turbulence fields are 
coupled (except at dissipative 
scales where the mechanisms 
are different).

“Hypothesis of coupled vorticity”
(Sreenivasan & Donnelly, Adv. 
Appl. Mech. 2002; Goldenfeld, 
Berenghi, Vinen, Volovich, etc)

Superfluid turbulence occurs
when the classical turbulence
occurs.



effective viscosity as a function of temperature: Vinen & Niemela (2005)



V.L. Ginzburg (2003 Nobel Prize in Physics)
(Physics Today, May 1990, page 9; also Uspekhi 42 (4), 353, 1999)

• Classified Physics into Microphysics, 
Astrophysics and Macrophysics (the small, 
the large and the complex)

• One of the 11 items of Macrophysics: 
“Strongly Nonlinear Phenomena: 
Turbulence”



Concluding Remarks
To understand mesoscale physics, or the physics of complexity, 
controlled experiments, accurate simulations and rigorous theory are 
all needed. Our intuition is not yet sufficiently well honed to come up 
with general laws.
Turbulence offers an excellent paradigm of mesoscale physics.
Using helium, the range of fluid-dynamic parameters has been 
extended as never before.
Tremendous progress on convection has been possible, and some 
new physics indeed has been discovered. This part of the promise of 
helium has been realized. The new physics reveals that superfluidity
cannot be used to further the Re-range because quantized vortices 
bring the effective kinematic viscosity to the levels of helium I. 
The resolution of small-scale turbulence has not been possible. This is 
a challenge for instrumentation. Existing tools such as hot wires, PIV, 
LDV, molecular (fluorescence) tracers, pressure sensors, ion trapping, 
have been upgraded (this is an entirely nontrivial task) but there is 
increasing awareness that other methods will be needed.
The work offers great challenges for simulations.



The end





Suspension of hydrogen particles (a) just above the lambda temperature, and (b) 
just below, where some particles have collected along branching filaments. In (c), 
particles arrange themselves along vertical lines when the system rotates steadily 
about the vertical axis. The spacing of lines is remarkably uniform.

50 years later…

G.P. Bewley, D.P. Lathrop & K.R. Sreenivasan, Nature 441, 558 (2006);
also Experiments in Fluids (submitted, 2006)



The energy decay of classical turbulence in 
homogeneous turbulence

d/dt <u2> = −<ε> = C<u2>3/2/Λ

O(1)

Λ grows with time as a power law and 
saturates: Λ ∝ d.

Solve for <u2>, <ε> and <ω2>, and get

<ω2>1/2 ∝ (d/ν3/2)t−3/2



Summary of motivation in broad terms
1. Helium at cryogenic temperatures has the 

smallest kinematic viscosity of all known 
fluids (typically, 10−3 times smaller than 
that of air at NTP).

2. Superfluidity of helium II (Kapitza 1938) 
suggests that new physics is likely.



He II = normal fluid + superfluid
(NS = 0) (EE = 0)

The superfluid is irrotational except for quantized vortex filaments that are 
formed spontaneously. How?

Their motion in the normal fluid is subject to laws of fluid mechanics. In 
particular, they suffer drag or “mutual friction” (Vinen & Hall 1956)

Under controlled conditions, quantized vortices are simple in geometry.

Attenuation of the second sound
is proportional to the “line length”, L

However, the vortices become a “tangle”
under less controlled conditions. This is
“superfluid turbulence”. 

T R

T R
Attenuation depends on the projected 

line length (proportional to rms vorticity)



different forms of superfluid vortices



What happens if we pull a grid through helium?
standard grid turbulence above Tλ

White, Karpetis & Sreenivasan, J. Fluid Mech. (2003)
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Nu under strict Boussinesq conditions
What about higher aspect ratio?





a correction for finite thermal conductivity
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0.021 = f_1
0.037 = f_2
0.023= f_3
0.032 = 2(f_2-f_1)
0.047 = 3(f_2 - f_1)
0.042 = 2f_1
0.060 = 3f_1
0.075 = 2f_2
0.015 = f_2 - f_1
0.0055 = 2f_1 -f_2
0.011 = 4f_1 - 2f_2
0.0043 = 3f_2 – 5f_1
0.019= 2f_1-f_3

aspect ratio 4 and Ra = 3.1 x 109

the spectrum of the temperature near the sidewall





What happens if we pull a grid through helium II? 

U

nearly isotropic 
turbulence is 

generated.

grid turbulence in air:
reoriented; Corke & Nagibsquare grid of bars

tank of water





G.P. Bewley, D.P. Lathrop & K.R. Sreenivasan, Nature 441, 558 (2006);
also Experiments in Fluids (submitted, 2006)

50 years later…









It is reasonable to assume that Λ = constant 
(since Λ grows with time and will, at some 
point, be limited by the channel width)

Consequences

1. <ε> = d2t−3

2. Using the exact relation between 
enstrophy and dissipation,

<ε> = ν<ω2>,

we obtain

<ω2>1/2 = (d/ν1/2) t−3/2.
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effective thermal conductivity of the helium gas as a function of Ra



S.S. Penner
Ph.D. in 1946; at UCSD since 1964



Inaugural Lecture by S.S. Penner: January 24, 2000

“Energy Supplies for the Twenty-First Century”

The lecture dealt with the following topics: 

(1) How much energy will be needed for 10 billion people in 2050 and later to 
ensure a desirable standard of living for all? 

(2) How extensive are our known non-renewable and renewable energy resources 
and reserves? 

(3) How long will they last while meeting the world's estimated needs? 
(4) What are our options if we terminate the use of fossil fuels in order to eliminate 

man-made contributions to the concentration of carbon dioxide in the
atmosphere while securing worldwide economic well being? 

(5) What are our options if we terminate the use of nuclear fission and breeder 
reactors in order to stop the accumulation of long-lived radioactive isotopes and 
reduce the risks of nuclear proliferation while securing worldwide economic well 
being? 

(6) What are our options if we interdict simultaneously the use of fossil fuels and of 
nuclear fission reactors while securing worldwide economic stability? 

(7) What research and development programs (other than the construction of 
fusion reactors) should we emphasize while aiming for a stable world order 
without using fossil fuels and nuclear fission or breeder reactors?
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What about higher aspect ratio?
Niemela & Sreenivasan, J. Fluid Mech. 557, 411 (2006)

Γ = 4X X

Ra < 3 x 1010 Ra > 3 x 1010



scaling of the wind frequency for different aspect ratios



α, ν, κ

Fluid

T+ TΔ

T

D

H

S ~ detailed shape ??

Pr = ν/κ  Γ = D/HRa g TH
=

α
νκ
Δ 3

Thermal Convection using Classical Helium

control parameters for convection



Convection Cell
(Cryogenic Helium Gas)

Multilayer
 Insulation

Bottom Plate
(Fixed Heat Flux)

Top Plate
(Fixed Temperature)

Liquid Helium
Reservoir

Liquid Nitrogen 
Reservoir

Cryocooler

4.5 K

20 K

77 K

Pressure Relief
and Sensing

Cell Fill
Tube

Soft Vacuum
Heat transfer
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the cryogenic apparatus for very high Ra
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